Some sufficient conditions are established for the oscillation of higher-order neutral partial functional differential equations of the form 5 [u(z, t) -p(t)u(r, t -T)] = a(t)Au(s, t) + f: ak(t)Au(z, t -&(t)) k=l (2,t)Enx[o,m)EG, j=l
INTRODUCTION
The theory of partial functional differential equations has been studied extensively for the past few years. We refer to the monograph by Wu (11. S imultaneously, many papers are devoted to investigating the oscillation of partial functional differential equations. We refer the reader to [2-71 and the references therein. But, only [8, 9] have been published on the oscillation theory of higher-order partial functional differential equations. This work is supported by the Natural Science Foundation of Shandong Province, P.R. China (Y2OOlA03) and by the Faculty Research Council of the University of Texas-Pan American. 0893-9659/03/g -see front matter @ 2003 Elsevier Science Ltd. All rights reserved. Typ=t by k&W PII: SO8939659(03)00031-4
In this paper, we obtain some sufficient conditions for oscillation of neutral partial functional differential equations of the form
where n is an odd integer, fl is a bounded domain in RN with a piecewise smooth boundary 80, and Au(z,t) = C,"=, w. Suppose that the followkg conditions hold: (A31 Pk, aj E C([O,w); [0, co)), pk(t) I t, Uj(t) I t, and limt+oo(t -pk(t)) = hboo(t uj(t))=w, k=1,2,...,~; j=l,2,...,m.
We consider two kinds of boundary conditions
where v is the unit exterior normal vector to as1 and g(x, t) is a nonnegative continuous function on &l x [0, CQ), and u(x, t) = 0, (i) There exists tl 2 to such that the function y(j)(t), j = 1,2,. . . , n -1, are of constant sign on [tl, 00). (ii) There exists a number h E { 1,3,5,. . . ,n-1) whenniseven, orh~ {0,2,4 ,..., n-l} when n is odd, such that
where n 2 1 is an odd integer, T E (0, oo), P,Q, u E C(-[O,w); [0, w)), 0 5 P(t) i 1, Q(t) $ 0, limt+oo(t -u(t)) = 00.
Set
Then Y(t) > 0 eventually.
Partial finctiona Differential Equations 527 2. MAIN RESULTS First, we establish the oscillation of problem (l),(2).
has no eventually positive solutions, where
s-l
Then every solution u(x, t) of problem (l),(2) oscillates in G.
The proof is similar to that of Theorem 1 in (21 and is omitted.
THEOREM 2. Let 0 5 p(t) 5 1. Assume that for some T > tl, p-l g qi(t) dt = co.
(7)
Then every solution u(x, t) of problem (l),(2) is oscillatory in G.
PROOF. We prove that inequality (6) has no eventually positive solutions if the conditions of Theorem 2 hold. Suppose that V(t) is an eventually positive solution of inequality (6). By Lemma 2, we have
Then according to Lemma 1 there exists an h E {0,2,. . . , n -1) such that It is easy to see that (11) and (12) contradict (10). CASE 2. If h > 0, from (9), there exist Mi > 0 and TI 2 tl such that (10) (11) (12) y(t) 2 wth-l, for t 1 TI.
(13)
We claim that there exists M2 > 0 such that V(t) 2 M2th, for t > Tl.
(14)
In fact, from (13), we have The proof is similar to that of Theorem 2 in [2] and we omit it. By using Theorem 4, we can obtain the following theorems. Then every solution u(x, t) of problem (l),(3) is oscillatory in G.
THEOREM 9. Let 0 _< p(t) 5 1. Assume that for some T 2 tl,,
P1$ C&(t) dt = 00.
Then every solution u(x, t) of problem (l),(3) is oscillatory in G.
REMARKS
A particular case of (1) is -$bb> t) -P(t)+, t -T)] = a(t) t) + e @#)A+, t -Pk(t)) k=l -4(s,t)u(X,t)-~~j(X,t)u(X,t-~j(t)), It is easy to see that (1)' is a parabolic differential equation. Therefore, our works improve the results of the oscillation of parabolic differential equations. 26) is oscillatory in (0, rr) x [0, co). For instance, u(z, t) = cost sin t is such a solution.
EXAMPLES
It is obvious that the conditions of Theorem 2 are fulfilled. Therefore, using Theorem 2, we also obtain that every solution of problem (25),(26) is oscillatory in (0, n) x [0, co). 
with boundary condition u(0, t) = u(?r, t) = 0, t 2 0.
It is easy to check that the conditions of Theorem 6 are fulfilled. Then every solution of problem (27),(28) is oscillatory in (0, r) x [0, 00). In fact, u(z, t) = sin 2 cost is such a solution.
